This paper presents the development of minimum effort active noise control theory for feedforward single-input single output (SISO) architecture, which includes the feedback acoustic path in the controller formulation. The theoretical range of effective minimum effort parameter with respect to level of point cancellation at the observer and the interference pattern generated around the observer for periodic noise control in free-field are investigated. It is found that for a minimum of 6 dB cancellation which corresponds to cancellation factor of 0.75 at the observer, the effort parameter must be specified as less than unity. It is also found that the cancellation pattern characterised by 20 dB, 10 dB and 6 dB zones reduces significantly in terms of size with an increase in the value of the effort term.
INTRODUCTION
Active noise control (ANC) uses the superposition of acoustic waves to create a destructive interference pattern such that a reduction in the unwanted sound occurs. This is realized by artificially generating cancelling (secondary) source(s) of sound through detecting the unwanted (primary) noise and processing it by an electronic controller, so that when the secondary wave is superimposed on the primary wave the two destructively interfere with one another and cancellation occurs at the observation point.
There has been much interest in the design of an optimal controller to minimise not just the mean square value of the acoustic signal at the observer but also to minimise the control effort [1, 2] . Minimum effort estimation involves limiting the power of the control signal due to, for example, finite power handling of the actuators and amplifiers [3, 4] . In this paper, the controller formulation of minimum effort ANC, which includes the feedback acoustic path is derived for a single-input single-output (SISO) system. The feedforward control architecture of this system is referred to as feedforward control with feedback inclusion architecture [5] . The results of computational studies are presented for minimum effort control of periodic noise and the influence of the effort term on the level of cancellation and cancellation patterns is analysed.
ACTIVE NOISE CONTROL STRUCTURE
A schematic diagram of a SISO feedforward ANC structure is shown in Figure 1 . The primary source emits unwanted acoustic signals or noise into the medium. This is detected by the detector, processed by the controller and fed to a secondary source that generates the secondary signal. The secondary signal, thus generated, is superimposed upon the unwanted noise so that the level of noise is reduced at an observation point.
Figure 1 Schematic diagram of feedforward control structure
The corresponding frequency-domain equivalent block diagram of Figure 1 is shown in Figure 2 where E(jω), F(jω), G(jω), H(jω) describe transfer characteristics of the acoustic paths through r e , r ƒ , r g , r h respectively. C(jω), L(jω), M(jω) and M o (jω) represent transfer characteristics of the controller, secondary source, detector and observer respectively, while Y DO (jω), Y CO (jω), U M (jω) and Y O (jω) describe the primary, secondary, detected and combined primary and secondary signals at the observation point, respectively.
Figure 2
Block diagram of feedforward control structure
Using the block diagram in Figure 2 , Y DO , Y CO and U C can be expressed as
Note that the frequency-domain functional notation (jω) in equations (1) to (4) has been dropped to avoid unwieldy expressions.
MINIMUM EFFORT CONTROL FORMULATION
The concept of minimum effort control can be included in the design of the optimal controller configuration by defining a cost function which includes a weighted sum Theoretical Development of Minimum Effort Active Noise Control with Feedback Inclusion Architecture of estimation error variance of the net acoustic signal at the observer and a positive definite error parameter. In this study, the effort parameter used is the variance of the controller output signal [1, 2] . The minimum effort controller formulation will be derived in the frequency domain. Let the objective of the controller design of a SISO feedforward ANC system be to minimise the weighted sum of the meansquare error and the mean square output of the control signal as:
where ρ is a positive effort-weighting parameter. The mean square of the control signal, E[U * C (jω)U C (jω)] termed the control effort is to be minimised to meet some hardware constraint with ( * ) symbolising complex conjugation.
Differentiating the cost function J e in equation (5), formed using equations (1) to (4), with respect to the real and imaginary parts of C(jω) and equating to zero yields an optimal controller in terms of performance;
is the auto-power of the primary signal. Differentiating the cost function J u with respect to the real and imaginary parts of C(jω) and equating to zero yields and optimal controller in terms of control effort; (7) Equating the complete cost function derivative consisting of equation (6) and equation (7) to zero and simplifying yields an optimal controller (8)
The controller formulated in equation (8) is an unconstrained optimal controller. Replacing the effort weighting parameter ρ with γ defined as:
the minimum effort controller in equation (8) can be expressed as:
The introduction of variable γ removes the need for conjugation of several terms in controller equation 
POINT SOURCE CANCELLATION IN FREE-FIELD
In studying the physical extent of cancellation surrounding the observer, the notation of distances travelled by the signals and the notation of the corresponding signals are generalised to include an arbitrary point q in the medium instead of just at the observation point. Therefore, in propagating through a distance r gq , as shown in Figure 1 , the wave u D (t) results in a wave y Dq (t) at an arbitrary point q. Similarly, in propagating through a distance r hq , the secondary wave u C (t) results in a wave y Cq (t) at the arbitrary point q. Let the resultant field due to the superposition of the primary and secondary waves at the point be denoted by y q (t). Assuming the arbitrary point q in a free-field non-dispersive propagation medium, the transfer characteristics of the acoustic paths g q (jω) and h q (jω) through r gq and r hq , for periodic waves, respectively given by (12) where A represents a constant of proportionality, ω the angular frequency and c the speed of sound in the medium. The amount of noise cancellation is ascertained by comparing the power spectral density of the signal output after control with the power spectral density of the signal before control. Let the cancellation factor K be defined as the ratio of power of the cancelled signal over the power of the primary signal (13) where the power of the signal at the arbitrary point q is given as S yyDq (ω) = U D (jω)g q (jω) 2 (14) and the power of the output signal at the arbitrary point with control is given by S yyq (ω) = U D (jω)g q (jω) + U C (jω)h q (jω) 2 (15) Full cancellation will be achieved if S yyq (ω) is zero, that is K = 1. Substituting for S yyDq (ω) and S yyq (ω) from equations (14) and (15) into equation (13) and using equations (4) and (10) (while dropping the functional notations) yields
Equation (16) gives a quantitative measure of the degree of cancellation achieved with the ANC system, under stationary (steady-state) conditions. In analysing a point source noise cancellation system at the observation point, where g q (jω) = G(jω), h q (jω) = H(jω), equation (16) reduces to (17) The relationship between the cancellation factor K and γ in equation (17) (a) Cancellation factor K against γ, (b) Cancellation in dB against γ Figure 3 (a) shows that the cancellation factor will decrease gradually as well as the rate of cancellation will decrease with γ. In Figure 3 (b) the attenuation drops significantly at a rapid rate as γ increases. Notice that the attenuation drops below 10 dB as γ increases beyond 0.5. At this point, it is of interest to understand the limit of γ that can be imposed on a system without degrading the noise cancellation capacity below an established acceptable level. If for example, the lowest acceptable reduction level is defined as 6 dB then, reading from the plot in Figures  3(b) , the maximum value of γ should be in the range 0 ≤ γ ≤ 1 (19)
PHYSICAL EXTENT OF CANCELLATION IN FREE-FIELD
Computations are conducted to produce two dimensional descriptions of the interference patterns produced by a fixed SISO ANC system while varying the frequency of the noise as well as the effort parameter. The two-dimensional geometrical arrangement of the feedforward ANC system is represented by the schematic diagram in Figure 4 with distances of the propagation paths set as: r e = 50mm, r ƒ = 950mm, r g = 1500mm and r h = 500mm. Theoretical Development of Minimum Effort Active Noise Control with Feedback Inclusion Architecture Figure 5 shows the theoretical two-dimensional contour description for optimal cancellation at the observation point O of a 340 Hz tone for three values of γ. The curves represent contours of constant K where K = 0.99, K = 0.9 and K = 0.75 represent the loci of points at which the noise is reduced by 20dB, 10dB and 6dB respectively. The region outside the 6 dB contour represents regions below 6dB cancellation and the region of reinforcement. The regions of cancellation for γ = 0.5 and γ = 1 depicted in Figures 5(b) and 5(c) respectively are significantly smaller compared to the case with maximum cancellation γ = 0, depicted in Figure 5 (a), previously studied [6] . Observing these cancellation contour plots it can be concluded that the variation of the area of the 6 dB cancellation region with γ is nonlinear.
Further simulations with periodic noise with different frequencies yield similar patterns such that the size of the zone of cancellation reduces with increasing γ. It is also noticeable that, with higher noise frequency, the overall size of the region of cancellation reduces. This is consistent with the fact that the closed-loop gain reduces with increasing γ. A full three-dimensional description of the cancellation pattern in the zx -plane will be the same as that in the xy -plane due to the rotational symmetry of the secondary field around the x -axis [7] .
CONCLUSION
The formulation of minimum effort controller for feedback inclusion architecture has been derived for SISO systems. The modified effort weighting parameter γ has been introduced to replace the conventional effort weighting parameter ρ in the controller formulation. This provides an advantage in eliminating all the conjugate terms and simplifies the controller for practical design and implementation. The range of modified effort weighting parameter values that provide at least 6 dB cancellation at the observer has been identified to be less than unity. The introduction of the modified effort weighting parameter has the effect of reducing the closed-loop gain, which results in smaller control signal at the expense of reduction of cancellation performance at the observation point. Moreover, increasing the control effort parameter γ reduces the size of the cancellation region around the observer, characterised by 20 dB, 10 dB and 6 dB cancellation zones.
